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HEAT CONDUCTION

THEORY

General relation for Fourier Law of heat conduction,

), = - KA
Q, =~ KA
Where n = normal of isothermal surface at point P.

In rectangular co-ordinates, the heat conduction vector can be expressed in terms of its components as

Where, f,j and k are unit vectors and QX,Qy and QZ are the magnitude of heat transfer rates in x,

v and z-directions which can be determined by Fourier Law as

. or . ar | oT
=_KA -, =—-KA — = - -
A “a O oy @ ? oz
2.1 GeENerAL Heatr ConbucTion EQuATION
Let us consider an infinitesimal volume element of side dx, dy and dz.

Now consideration here will include the non steady condition of temperature variation with time t.

Y de+dy

T e

—_—

dQ,

Q"]

I dX 1

According to Fourier heat conduction law, the heat flowing into the left most face of the element in the
X-direction.
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oT
= —Kdydz—
dQ, yaz

From Taylor’s series

Q... = dQ. +%(dQX).dx

The net heat flow by conduction in X-direction.

0
dQX - de+dx = _&(dQX)dX

= —i(—K.dy.dz.ﬁj.dx
0 Ox

X
'T
= Kdxdydz—
Ox
Similarly in Y-direction and z-direction
O’T

dQ, - dQy.4 = K.dx.dy.dz.?

dQ, - dQ,.4, = Kdxdydz—-

Let g, is the rate at which heat is generated initially per unit volume.
Then the total rate of heat generation in elemental volume is = g,.dxdy.dz

oT
The rate of accumulation of internal energy within the control volume = mCE

ar
= pdxdydz—
p.dxdy zat

From energy balance equation

(1)

(2)

..(3)

..(4)

..(3)

Rate of energy storage within the solid = Rate of heat influx — Rate of heat outflux + Rate of heat generation

oT
= pc.dxdy.dz.a = (dQ, +dQ, + dQ,) — (dQy 4 + dQy.4y + dQ,.4,) + q.dxdy.dz

orT
C— =
= pC—

~

o'T . o'T . o'T .
aXZ ayz aZZ qG

2 2 2
ag+a§+af+q_c} pC ot
x> oyt o KK a

vr+de o
= K

Where o — thermal diffusivity
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In cylindrical co-ordinate

18( T\ 1 &*T &*T qg 1
-—| r. t— ottt ==
? 8° &2 K«

r@ra

In spherical co-ordinate

2
r° o\ or r“sin“6 6p- K a

a
ot

a
r’sin® 0 "ot

0
2.1.1 Boundary and Initial Condition

To describe a heat transfer problem completely, two boundary condition must be given for each direction
of coordinate system along which heat transfer is significant.

(i) Specified temperature boundary condition : (Drichilet Boundary Condition)

0 L
T, t) = T, and T(L, t) = T,

(ii) Specified heat flux boundary condition : For a plate of thickness L subjected to heat flux of 50
W/m? into medium from both side, the specified flux boundary conditions are

Heat .
flux Conduction

—r——> T
_ -K—
= o/x

Conduction Heat flux

]
k& =qL
K o/x
(0] T X

oT
“K——(L.t) = - 50
aX( )

Since flux at surface x = L is in negative x-direction, thus it is — 50 W/m?.

Special case (1) : Insulated boundary

OJ |L /X

oT
1= 0= -K(0,t)=0
q = 5( )

oT
Z(0,t) = 0
= aX( )
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That is, on an insulated surface, the first derivative of temperature w.r.t. space variable (the temperature
gradient) in direction normal to insulated surface is zero. This means temperature function must be perpendicular
to insulated surface since slope of temperature at surface must be zero.

Special case (2) : Thermal Symmetry

Zero

I . . .
slo§ I /Temp Distribution

T~ (Symmetric about

: centre plane)
|

|

|
L2 |L

It possesses thermal symmetry about centre plane at

0)

>X

_L

T
s
__:t :O
ox\ 2

(iii) Convectional boundary condition : The convection boundary condition is based on surface energy
balance

Heat conduction at surface in a selected direction = Heat convection at surface in the same direction

Convection| Conduction
— | — h
2
Tloo 200
—|—
0 T >X
oT(0,1)
-K ot =-h |:Tool _T(O,t):|
OT(L,t
and —K% =h,[T(L.t)-T,, |

(iv) Radiation boundary condition :

Heat conduction at surface in a selected direction = Radiation exchange at surface in the same direction

Radiation |Conduction
——
g
Tsuur, 1
——
0 T >X

oT(0,t) _ 4 4
_KT = 816|:Tsurr,l _T(O,t):|
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(v) Interface boundary condition : The boundary condition at interface are based on requirement

A B

——

0 < —

(a) Two bodies in contact must have same temperature at arca of contact.

(b) An interface cannot store energy, thus heat flux on both side of interface must be same.
Ty (xa. 1) = Ty (x, 1)

K, T, (Xo,t) _ K, 0Ty (Xo,t)
0x on
Example 1 : Consider a spherical container of inner radius r; = 8 cm and r, = 10 cm, K = 45 W/m°C.
The mnner and outer surface of container are maintained at temperature of T; = 200°C and T, = 80°C. Determine
general relation for temperature distribution inside the shell under steady condition and determine the rate of
heat loss from the container.

Solution :

Heat transfer is steady the heat transfer is one-dimensional since there is thermal symmetry about mid
point.

Oe

dT
dr

r=0

So isotherm are concentric sphere. So T = T(r)

d(Zde
dr dr

dT ¢

dr o r

Heat conduction equation,

!
T = —+¢
T

Boundary condition are,
T(r) = T, = 200°C
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T(r,) = T, = 80°C
5 5
T,= ~ tC and T,= — %
] L
Solving for ¢; and ¢, and substituting for T,

hh (Tl —T2)+ T, -5T

TO= 1, —5) L5

The rate of heat loss from container is rate of heat conduction through container wall,
i6(h -T,)  4nknn (T, -T))

. dT 2
=~ A 9T k), _
Qshpere dr I'z (I-2 _ rl) L -

2.2 HeaT GENERATION IN A SoLID

Heat generation is expressed per unit volume of medium

n 2
B Egen,electn'c _ I"Re
€ = =

en 2
& Vwire TEI'O L

The temperature of medium rises during heat generation at start up condition. At steady state, the rate

of heat generation equals the rate of heat transfer to surroundings.

The maximum temperature T, in a solid that involves uniform heat generation occur at a location

farthest away from outer surface when outer surface of solid is maintained at constant temperature T,. For
example, maximum temperature occur at mid plane in sphere. The temperature distribution within solid in these
cases is symmetrical about centre of symmetry.

Consider a solid medium of surface area A, and volume V and volume V and constant thermal conductivity,

where heat is generated at C,., per unit volume under steady condition.

Rate of heat transfer from the solid= Rate of heat generation within the solid

Q = GV
= hAs (Ts - Too) = egenV
- =T 4lEm’
s o h

For large plane wall, of thickness 2L
A, =2A

wall

and v=2Aum L



Heat & Mass Transfer Heat Conduction | 11

—o 1T
éyenL
Ts, plane wall = TOO + h
For cylinder, A, = 2mL, v= nRgL
¢ enl0
Ty = T +—
s, oyl 3h

Consider heat transfer from long solid cylinder. The heat generated within this inner cylinder must be
equal to heat conducted through outer surface.

Where dT=- =1 dr

Integrating At r=0,T=T,
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For plane wall,

For sphere,

&, L

AT, .. = _gem -
2k

AT - egenr()2
max 61(

Example 2 : A long homogenous resistance wire of radius r, = 0.5 cm and thermal conductivity k = 13.5
W/m°C is being used to boil water at atmosphere pressure by passage of electric current. Heat is generated in

wire uniform ly as result of resistance heating at the rate of C,., = 4.3 x 10”7 W/m?®. If the outer surface

temperature of wire is measured to be T, = 180°C, obtain relation for temperature distribution, and determine

temperature at centre line of wire when steady operating condition are reached.

Solution :

Heat conduction equation

li(
rdr

Two boundary condition are

Integrating above equation

Applying first condition

dT égen
r_ + =
dr k
|
|
I
|
Ll
O: T r
|
dT(0)
=0, T(ry) = T, = 108°C
dr
dT égenr2
r— =— +

dr nh
¢ enr2

T=--% +¢Inr+c,

4k
¢, =0

T=T +égen (roz—rz)

Maximum temperature occur at centre line r = 0

¢
T=T,+ 2y
4k

Q00O
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